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Abstract
In the first paper we showed for all maps f on nilmanifolds, and for weakly Jiang maps on
solvmanifolds, that the Nielsen periodic numbers NPn(f ) and NΦn(f ) can be computed from the
(highly computable) collection of ordinary Nielsen numbers {N(fm): m|n}. For non-weakly Jiang
maps this is no longer true. In this second paper we prove and briefly illustrate naïve type addition
formulae for periodic points of fibre preserving maps. Our formulae are particularly useful for maps
of solvmanifolds that are not weakly Jiang. The resulting calculations utilize certain matrix data
from f , and a factorization of the space as the total space of a suitable fibration. We illustrate these
considerations with examples of non weakly Jiang maps on the Klein bottle where, for an infinite
number of n, we have the surprising equality NPn(f )=N(f n). We will also give an example which
shows that this pattern is not unique to the Klein bottle. Ó 2000 Elsevier Science B.V. All rights
reserved.
Keywords: Nielsen numbers; Periodic points; Nilmanifolds; Solvmanifolds
AMS classification: 55M20
1. Introduction
For a self map f :X→ X let Φ(f ) = {x ∈ X: f (x) = x} denote the fixed point set
of f . For any natural number n there are two Nielsen type f -homotopy invariant numbers
NPn(f ) andNΦn(f ) which are lower bounds for the number of periodic points of minimal
period exactly n and Φ(f n), respectively (see [11,9,10]). In [7] we used fibre techniques
to show that the formulae for NΦn(f ) and NPn(f ), given in [9,10] that are in terms of
{N(f m): m|n} and are true for tori, also hold for all maps on nilmanifolds and those
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that are weakly Jiang on solvmanifolds. We showed for example, that if f :X → X
is a self map of a nilmanifold or an NR solvmanifold [12], and if N(f n) 6= 0, then
NΦn(f ) = N(f n). The condition that nilmanifolds and NR solvmanifold satisfy that
arbitrary solvmanifolds do not in general meet is that every self map f is weakly Jiang.
This means that N(f ) is either 0 or R(f ), where R(f ) is the Reidemeister number of f .
When f is such that f n is not weakly Jiang, the formulae mentioned above may not hold
(see, for example, Example 4.1 where it is sometimes NPn(f ), rather than NΦn(f ), that
is equal to N(f n)).
This paper continues [7], and gives the proof of Theorem 5 of the announcement [6] of
this work. It uses fibre techniques in a different way from [7] and gives naïve type addition
formulae for the computation of NΦn(f ) and NPn(f ) when f is a fibre-preserving map.
The idea is that for fibrations that satisfy the so-called “naïve addition property” and other
conditions (see Theorem 3.4), one can count periodic points in the total space by counting
them in the fibres over a representative set of periodic points in the base. The primary
applications are to self maps of nil and solvmanifolds (homogeneous spaces of nilpotent
respectively solvable Lie groups). In fact, our formulae allow for the computation of the
Nielsen periodic numbers for all maps on these spaces. They are particularly useful when
the theorems of [7] do not apply such as for those maps that are not weakly Jiang, like the
following example on the Klein bottle.
Example 1.1. Let K2 denote the Klein bottle. This is the quotient of R2 determined by
the equivalence relation generated by (s, t) ∼ (s + k, (−1)kt) and (s, t) ∼ (s, t + k) for
any k ∈ Z. Let r 6= ±1 ∈ Z be odd, and let f denote the self map of K2 induced by
the correspondence (s, t)→ (rs,−t) on R2. Then f is fibre preserving with respect to
the fibration S1 ↪→ K2 p→ S1, where p is induced by the projection on the first factor.
Note that f induces the standard map f¯ of degree r on the base, and so f¯ n has exactly
N(f¯ n) periodic points, which we denote by Φ(f¯ n) = {xj : j = 0,1, . . . , |rn − 1| − 1}.
Here x0 = {0,1} in S1 = I/[0∼ 1], and the other xj = j/|1− rn| consist of points equally
spaced on the circle (see [8, 4.6]). When m|n and xj ∈ Φ(f¯ m) we denote the restriction
of f m to the self map of the fibre over xj by (f m)xj . This map has degree (−1)j (−1)m
(see [8, 4.6]). Since N((f m)xj )= 1− (−1)j+m some of these are zero and some are not
so that by the product theorem for the index, some of the Nielsen classes for f n in the total
space are essential and some are not. Hence no f n is weakly Jiang (also see [7, 4.21] or
Lemma 2.5 of this paper) and the computational theorems of [7] do not apply.
Suppose we want to calculate NP6(f ), the minimum number of periodic points of
minimal period 6. Because the map is fibre preserving each periodic point of f lies in
the fibre over some periodic point in the base. Since these fibrations satisfy the appropriate
conditions, we will see in Theorem 1.2 below that we can count the number of periodic
classes of f by adding up for each j the periodic classes in the fibres over xj in the base.
This requires, unlike the methods in [7], that one take into account the minimum period
per(xj ) of xj . For n= 6, the possibilities for per(xj ) are 1, 2, 3 or 6. If xj has minimum
period 3 say, then we must iterate f three times before its restriction (f 3)xj is a self map
of the fibre over xj . It should then be clear that the periodic points of minimum period
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2 of (f 3)xj are periodic points of minimum period 6 of f , and that there are at least
NP2((f 3)xj ) of them sitting in the fibre over xj . The naïve addition conditions and the
periodic point behavior of base and fibre which imply Theorem 1.2 allow us to deduce
that all of these periodic points (for all j ) belong to distinct periodic Nielsen classes
within K2 (see Example 3.5 for an example when these hypothesis fail). Therefore since
#(Φ(f¯ n))=N(f¯ n), we will conclude from the first formula in Theorem 1.2 that f has at
least ∑
b∈Φ(f¯ 6)
NP6/per(b)
(
(f per(b))b
)
periodic points of least period 6.
In practical applications of this principle on a more general fibration we will simplify
these sums in two important ways. First, we will need to know for whichm NPm((f n/m)xj )
is zero for all j so we can eliminate them from the sum. In this example the fact that
NPk(deg±1) = 0 on S1 for k > 1 means that we need only consider irreducible points
of Φ(f¯ n) in the base. Secondly, we will need to know for a given period m|n how many
xj of this period m have the same NPn/m in the fibre. This second consideration which
we refer to as the distribution question is difficult to describe succinctly here and we will
postpone a complete analysis for a later publication. However, we will give some insight
in our examples in Section 4 where we will show (see Example 4.1) that for the maps
described above that NP6(f )=N(f¯ 6)−N(f¯ 2)= r6 − r2.
As the example indicates, our formulae here are not so easy to use as those in [7]. Thus
although our method will apply to all maps on nil and solvmanifolds, the simpler formulae
of [7] are certainly to be preferred when suitable iterates of the map are weakly Jiang.
In this paper then we prove our theorem, a simplified version of which appears below. In
practice we are able to use this simplified version because the base of the Mostow fibrations
associated with solvmanifolds, or the Fadell–Husseini fibration for a nilmanifold, are
nilmanifolds. This allows us to assume, without loss of generality as in the above example,
that when N(f¯ n) 6= 0 then f¯ n has exactly N(f¯ n) fixed points (see Remark 3.3). As in the
example, (f m)b will denote the restriction of f m to the fibre p−1(b) over b ∈Φ(f¯ m). The
first formula of the theorem appeared in the announcement of this work in [6].
Theorem 1.2. Let F ↪→ E→ B be a fibration sequence with F and B nilmanifolds (for
example, tori). Let n be a positive integer and f :E → E be a fibre preserving map
inducing a map f¯ :B → B in which f¯ n has exactly N(f¯ n) fixed points. If N(f¯ n) 6= 0,
then
NPn(f )=
∑
b∈Φ(f¯ n)
NPn/per(b)
(
(f per(b))b
)
, and
NΦn(f )=
∑
b∈Φ(f¯ n)
NΦn/per(b)
(
(f per(b))b
)
.
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We will prove a more general version of the above theorem, and illustrate it with a
number of examples. In particular we produce some surprising results for some of the
non-weakly Jiang maps on the Klein bottle. We give another example to show that this
phenomenon, that for infinitely many n NPn(f )=N(f n), is not unique to the Klein bottle.
It is known that the ordinary Nielsen numbers of maps on nil and solvmanifolds are
readily computable (see [14]). The theorems in [7] and this paper will allow us to show
elsewhere that this is also true for the Nielsen periodic numbers. It is also our intention
in subsequent publication(s) to more fully indicate the nature of these computations on
certain generalizations of the Klein Bottle, and also to prove that the computation of the
Nielsen periodic numbers of any map of a solvmanifold is algorithmic. Other projects in
the works include the consideration of the periodic point theory of fibre preserving maps
on other fibrations, where, for example, the base and fibre are not necessarily essentially
reducible, or when the naïve addition conditions fail.
The paper is divided as follows. Following this introduction we give in Section 2 a
brief review of the topics we use frequently in this paper. In Section 3 we state and prove
the main theorem (our naïve addition formulae for the Nielsen type numbers for periodic
points). Finally, in Section 4 we give the examples mentioned above and then discuss
briefly the implications which our formula has for the fibre uniform case.
2. Review
As pointed out in [7], a fairly extensive background is required to appreciate the results
of this subject. This includes Nielsen theory, its extension to the theory of periodic Nielsen
classes, and the supporting work involving the Nielsen theory of fibre preserving maps, as
well as the theory of nil and solvmanifolds. Since it does not make sense for us to repeat
the review of these topics here, we will assume for the most part that the reader is familiar
with the material in the preliminaries of [7]. Thus we will limit our review to a listing of
those topics which are particularly important for the development of this paper, and those
theorems from [7] that are used frequently.
2.1. Nielsen periodic point theory
If f :M→M is a map on a compact manifold, then ordinary Nielsen theory assigns a
non-negative integer N(f ), called the Nielsen number, to f . The Nielsen number counts
the number of essential fixed point Nielsen classes of f . The number N(f ) is a homotopy
invariant lower bound for min{|Φ(g)|: g ∼ f } which is sharp in most cases.
The Nielsen classes can be viewed as arising from a partitioning of the fundamental
group into Reidemeister classes defined using the homomorphism induced by f . The
Reidemeister number of f , denoted R(f ), is the number of these equivalence classes,
and the Nielsen number is the number of these classes which are essential. A map f is
said to be weakly Jiang provided that either N(f )= 0 or else N(f )=R(f ). Of course all
maps on Jiang spaces are weakly Jiang. For tori we have the following well-known result
from [2].
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Theorem 2.1. Suppose that f :T q → T q is a map on a torus. Then N(f n)= |det(F n −
I)| where F is the matrix of the homomorphism induced by f on pi1(T q)∼ Zq .
Nielsen periodic point theory begins from the basic premise that if m|n then Φ(fm)⊆
Φ(f n). This inclusion induces a so called boosting function, denoted γm,n or γ , for short,
between the Nielsen classes of fm and those of f n. We warn the reader that in general the
γm,n and their algebraic counterparts ιm,n (see [7]) need not be injective. It then becomes
possible to ask about the relationships that exist between the Nielsen classes for various f m
with m|n when a specific f n is under consideration. In particular, we must know to what
level each Nielsen class of f n can be reduced. Periodic Nielsen theory defines, for each
n, two homotopy invariant natural numbers NPn(f ) and NΦn(f ). The first NPn(f ), is a
lower bound on the number of fixed points of f n which have minimal period n. Reflecting
the idea that periodic points of minimal period n occur in orbits of size n NPn(f ) is equal
to n times the number of essential irreducible orbits of f at level n. The number NΦn(f )
provides a lower bound for MΦn(f ) =min{|Φ(gn)|: g ∼ f }, but this definition is more
complex since it needs to account not only for each essential class for any fm with m|n,
but also for the duplications in this counting which may occur when two or more such
classes reduce to the same class (see [11,10,7] for a formal definition). As we will recall in
the next subsection (see Theorem 2.6), most maps on solvmanifolds for which N(f n) 6= 0
satisfy NΦn(f ) = N(f n). Furthermore, when this happens it is commonly the case that
NΦn(f )=MΦn(f ).
2.2. Basic properties for maps on nil and solvmanifolds
A nilmanifold M is a coset space of the form G/Γ where G is a connected simply
connected nilpotent Lie group, and Γ is a discrete subgroup. For Nielsen theory one
usually deals with compact spaces. This requirement on M is equivalent to saying that
the subgroup Γ is a uniform subgroup of G. The last nontrivial term in the lower central
series for G gives an abelian subgroup in the center of G which allows one to construct
the Fadell–Husseini fibration for M with torus fibres and a base which is a nilmanifold of
dimension less than that ofM . A compact solvmanifold S is a coset space of the form J/∆
where J is a connected, simply connected, solvable Lie group and ∆ is a uniform closed
(but not necessarily discrete) subgroup of J . Corresponding to each solvmanifold S there
is a minimal Mostow fibration N ↪→ S→ T in which the fibres are nilmanifolds and the
base a torus (see [13]).
Both the Fadell–Husseini fibration for a nilmanifold M , and the minimal Mostow
fibration for a solvmanifold S, have the property that, up to homotopy, every self map
on M or S is fibre preserving with respect to these fibrations. This was the basis for the
fibre space techniques used to study the periodic classes for these spaces in [7]. It is also
the basis of the computations given here.
In [7] we showed that all fibre preserving maps on the above fibrations for nil and
solvmanifolds satisfy certain basic properties for their periodic classes. We recall these
properties and summarize a number of their important consequences.
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For a map g :X→ X let E(g) denote the collection of essential geometric Nielsen
classes. A map f is said to be essentially reducible if whenever An ∈ E(f n) reduces to
level m then its reduction Bm belongs to E(f m) (i.e., it is essential). All maps on nil and
solvmanifolds are essentially reducible [7, Corollary 4.5]. In the following theorem, the
second formula follows from the first by Möbius inversion.
Theorem 2.2 [7, 4.6]. For any essentially reducible map f
NΦn(f )=
∑
m|n
NPm(f ) and NPn(f )=
∑
τ⊆P (n)
(−1)|τ |NΦn:τ (f ),
where P (n) is the set of prime divisors of n and n : τ = n∏p∈τ p−1 .
Recall from [7, 2.3], [8, 4.4] that F ↪→ E p→ B satisfies the naïve addition conditions
provided that for each fibre-preserving map f of p, and for all y ∈Φ(f ) belonging to an
essential class of f we have that
Fix f¯ p(y)∗ = p∗
(
Fixf y∗
)
and NK(fp(y))=N
(
fp(y)
)
,
where K is the kernel of the inclusion induced homomorphism from pi1(F ) to pi1(E).
From [7, Corollary 3.3] all fibrations considered in this paper satisfy the naïve addition
conditions for all fibre preserving maps. The naïve addition conditions allow us to count
the ordinary Nielsen number as in the following theorem, which appeared first for nil and
solvmanifolds in [13].
Theorem 2.3 [8, 4.4]. Let F ↪→ E p→ B be a fibration which satisfies the naïve addition
conditions for all fibre preserving maps, and let f be a fibre preserving map inducing
f¯ :B→B . Then
N(f )=
∑
b∈ξ
N(fb),
where ξ ⊆Φ(f¯ ) consists of one fixed point from each essential class.
The following properties, which do not hold in general, but which do hold for all maps
of nil and solvmanifolds (see [7]), will also be needed in order to state and prove our
main theorem in its full generality. In the presence of essential reducibility a map f is
said to have essential torality provided that the following two conditions are met. Firstly
we require that the change of level boosting functions are injective on essential classes. In
other words, if An = γm,n(Bm) = γm,n(Cm) and An,Bm, and Cm are all essential, then
Bm =Cm. The second requirement is that the length of an essential orbit of an irreducible
class at any level m is equal to m. A map f is said to be essentially reducible to the GCD
provided that f is essentially reducible, and whenever a class An ∈ E(f n) reduces to both
Br and Cs (at levels r and s), then there is a class Dq , with q = GCD(r, s), to which
both Br and Cs reduce. Finally, f has uniqueness of roots for essential classes provided
that whenever a class An ∈ E(f n) reduces to irreducible classes Br and Cs , then r = s
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and Br = Cs . In [7, 4.19] it is shown that uniqueness of roots is actually a consequence
of essential reducibility, essential reducibility to the GCD, and the injectivity portion of
essential torality. As in [7], and the proof of Theorem 3.4, these properties allow us to deal
primarily with geometric (as opposed to algebraic) classes.
Proposition 2.4 [7, 4.5, 4.12, 4.16 and 4.19]. All maps of nil and solvmanifolds are
essentially reducible, essentially toral, essentially reducible to the GCD, and have
uniqueness of roots for essential classes.
For the proof of the following from [7], we primarily just need to observe that by the
product theorem for the index, a class is essential in the total space iff it is essential in both
base and fibre.
Lemma 2.5 [7, 4.20]. Let F ↪→ E p→ B be a fibration which satisfies the naïve addition
conditions for all fibre preserving maps. Assume all maps on F and B are weakly Jiang.
Then a fibre preserving map f of E is weakly Jiang provided that for those b ∈ Φ(f¯ )
which lie in an essential class of f¯ , either all N(fb) are zero, or else none of them are.
In the following M(f,n) denotes the set of maximal divisors m of n for which
N(f m) 6= 0.
Theorem 2.6 [7, 5.1 and 5.8]. Let f be essentially toral, essentially reducible to the GCD,
and suppose that f m is weakly Jiang for every m ∈M(f,n). Then
NΦn(f )=
∑
∅6=µ⊆M(f,n)
(−1)|µ|−1N(f GCD(µ)).
In particular if f n is weakly Jiang and N(f n) 6= 0 so that M(f,n)= {n}, then for every
m|n
NΦm(f )=N
(
f m
)
.
Thus when suitable iterates of f are weakly Jiang the formulae in Theorems 2.2 and 2.6
realize the objective of writing the periodic numbers in terms of various N(f m) for m|n.
So the major omission from [7], and the main purpose of this work, is to give both general
principles and some preliminary examples which demonstrate how to compute NPn(f ) and
NΦn(f ) in the case when f and/or its iterates are not weakly Jiang. We will give more
detailed and complex examples of our theory elsewhere, where we will also complete the
partial formulae given here for non weakly Jiang maps on the Klein bottle.
3. A fibrewise computation of NPn(f )
In the absence of the weakly Jiang condition, which would allow computation of both
NΦn(f ) and NPn(f ) from the values of {N(f m): m|n} (as in [7]), we need to develop
an alternative method for evaluating NΦn(f ) and NPn(f ). We give here formulae for
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NPn(f ) and NΦn(f ) based on the naïve addition conditions of [8]. These conditions hold
on all Mostow [solvmanifold] and Fadell–Husseini [nilmanifold] fibrations. We start with
a definition.
Definition 3.1. Suppose that g :X→ X and n are such that g is essentially reducible,
and for all m|n one has that the essential classes at level m have unique roots and
NPm(g)= #(IECm(g)) (i.e., each essential irreducible orbit at level m contains m distinct
classes). Then a set of essential n-root representatives of g is a collection ξ ⊆Φ(gn)which
contains one point from each irreducible essential class at level m for all m|n.
Note that #ξ = NΦn(g), and that if n = 1 then ξ is simply a set of essential
representatives as in [8]. When X is a nil or solvmanifold then the hypothesis of
Definition 3.1 are satisfied for any g and n.
Example 3.2. If g is the standard map of degree r on S1, then when r 6= 1, #(Φ(gn))=
N(gn), and so ξ = Φ(gn) is a set of essential n-root representatives for g. This is
generalized in the following:
Example 3.3. If the fibration in question is a Fadell–Husseini or Mostow fibration then the
base will be a nilmanifold (see [1,4]). If N(f¯ n) 6= 0 then up to homotopy f¯ is induced by
a homomorphism and so we may assume N(f¯ n) = #Φ(f n). On such spaces the work in
[7] shows that the hypothesis of Definition 3.1 hold, and also NΦn(f¯ )=N(f¯ n). Thus by
the homotopy lifting property we can assume without loss of generality that f induces
such an f¯ , and so also without loss of generality that ξ in Definition 3.1 is equal to
Φ(f¯ n).
From [7] the following theorem applies to all our standard fibrations for nil and
solvmanifolds. For each b ∈ ξ let per(b) denote the minimal period of b.
Theorem 3.4. Let (f, f¯ ) be a fibre preserving map on a fibration F ↪→E p→ B satisfying
the naïve addition conditions. Suppose further that f and f¯ :B → B are essentially
reducible, have essential torality, that f¯ is essentially reducible to the GCD, and that f¯ n
is weakly Jiang. Let ξ be a set of essential n root representatives for f¯ . If N(f¯ n)= 0 then
NPn(f )= 0, otherwise,
NPn(f )=
∑
b∈ξ
NPn/per(b)
(
(f per(b))b
)
.
Note that this result generalizes Theorem 1.2 by considering periodic classes for f¯ rather
than just periodic points, and by including the situation where N(f¯ n)= 0. In this case we
cannot use Φ(f¯ n) for ξ .
The discussion following Example 4.10 shows why the formula in Theorem 3.4 is not
valid when N(f¯ n) = 0 and the following example shows why the naïve conditions are
necessary.
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Example 3.5. Without the naïve addition conditions on the fibration in question Theo-
rem 3.4 is not true. Let d 6= ±1 and consider the fibre preserving map f :S3→ S3 given
in [3] on the Hopf fibration S1 ↪→ S3 η→ S2 where f¯ has degree d . Since S3 is simply
connected and L(f ) 6= 0 we have NP1(f ) = 1 and NPn(f ) = 0 for n > 1. On the other
hand since S2 is also simply connected ξ = {b} is a singleton fixed point so the right hand
side of the equation from Theorem 3.4 is NPn(fb). By the homotopy exact sequence for
η fb has degree d so this will be nonzero for every n.
Corollary 3.6. Assume that (f, f¯ ) and ξ are as in Theorem 3.4 and N(f¯ n) 6= 0. Then
NΦn(f )=
∑
b∈ξ
NΦn/per(b)
(
(f per(b))b
)
.
Proof. Since N(f¯ n) 6= 0 and f¯ n is weakly Jiang, every class of f¯ n is essential and an
easy diagram chase in the second diagram in the proof of [7, 4.4] shows for each b ∈ ξ that
(f per(b))b is essentially reducible from level n/per(b). (The diagram in [7] can easily be
generalized to show reducibility of (f per(b))b between any level of the formm/per(b) and
n/per(b) when m|n.) This partial converse of [7, 4.4] is made possible by the product
theorem for the index (see before Lemma 2.5), the facts that f¯ and f are essentially
reducible, and that each b ∈ ξ belongs to an essential class for f¯ n. For each m|n let ξm
denote the restriction of ξ to the points of minimal period which divide m. It is easy to see
that ξm is a set of essential m-root representatives for f¯ m. Recall from Theorem 2.2 that
when a map g :X→X is essentially reducible then NΦn(g) =∑m|nNPm(g). We apply
this to both fibre and total space so that the result will follow from Theorem 3.4 (with
m replacing n) once we are convinced that the third equality in the following string is
valid
NΦn(f )=
∑
m|n
NPm(f )
=
∑
m|n
∑
b∈ξm
NPm/per(b)
(
(f per(b))b
)
=
∑
b∈ξ
∑
m|n
NPm/per(b)
(
(f per(b))b
)
=
∑
b∈ξ
NΦn/per(b)
(
(f per(b))b
)
.
In order for the fourth expression to make sense we make the convention that for a given
term, if b ∈ ξ is such that per(b)6 | m then
NPm/per(b)
(
(f per(b))b
)= 0.
We observe that each summand on either side is uniquely determined by both b and m.
One can then check (after excluding the zero terms on the right due to our convention) that
neither summand has repeats and that every term on the left belongs to the right and vice
versa. 2
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Before we prove Theorem 3.4 we need a lemma, in whose proof for each b ∈ ξ , we use
the following application of [7, 2.6] to iterates:
E((f per(b))n/per(b)b ) j∗b→ E(f n) pE→ E(f¯ n),
where pE is induced by p. As we have noted when b belongs to an essential class of f¯ the
product theorem for the index that assures us that jb∗ and pE preserve the essentiality of
classes.
Lemma 3.7. Suppose that f, f¯ and p are as in Theorem 3.4. Let n be a positive integer,
ξ a set of essential n root representatives for f¯ , b ∈ ξ and let m= n/per(b). Suppose that
Amb ∈ E((f per(b))n/per(b)b ) and let An = j∗b (Amb ) ∈ E(f n). Then An is irreducible iff Amb is
irreducible.
Proof. Suppose that An is reducible to Cj at level j with j < n, i.e., γj,n(Cj )=An. The
product theorem for the index (see also the remark in [7, 2.7]) implies that because An is
essential then so is An = pE (An). The above exact sequence then also tells us that b ∈An.
Let Cj = pE (Cj ). The fact that pE and γ commute (see [7, 2.2]) means that Cj will boost
to An.
We claim that Cj is the class of b at level j . Since b ∈ ξ the class Bper(b) of b at level
per(b) is irreducible and essential and boosts to An. Since f¯ is essentially reducible to
the GCD and Bper(b) and Cj are both reductions of An then there is a common class Dq
where q =GCD(per(b), j), to which bothBper(b) and Cj reduce. The uniqueness of roots
hypothesis for f¯ n tells us that per(b)= q , Bper(b) =Dq and thus that Bper(b) must boost
to Cj . This also means that per(b)|j . Since γq,j is induced by inclusion and b ∈Bper(b) it
follows that b ∈Cj .
Since f and f¯ are essentially reducible then Cj ∈ Ên(f j ), and Cj ∈ Ên(f¯ j ), where
Ên(f j ) consists of those elements in E(f j ) that boost to essential classes in E(f n) (see
[7, p. 232]). Let k = j/per(b). As in [7, p. 236] we have a commutative diagram of
exact (vertical) sequences of based sets (where Cj and γ (Cj ) = An are (respectively)
the basepoints of the left hand and right hand bottom terms)
Êm((f per(b))kb)
γ
jb∗
E((f per(b))mb )
jb∗
Ên(f j ) γ
pE
E(f n)
pE
Ên(f¯ j ) γ E(f¯ n)
(see also [7, Lemma 4.7]). By the exactness of the left hand vertical sequence, there is
a Ckb ∈ Êm((f per(b))kb) with j∗b (Ckb) = Cj . By the commutativity of the diagram we have
j∗b (γ (C
k
b)) = γ (j
∗
b (C
k
b)) = γ (Cj ) = An = j∗b (Amb ). Thus j∗b (γ (Ckb)) = j∗b (Amb ). By the
naïve addition conditions j∗b is injective (see [8, Theorem 4.4] where, since K = 0, qb is
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the identity), so γ (Ckb) = Amb and k < m. This shows that the reducibility of An implies
that Amb is also reducible.
To prove the converse suppose that Amb is reducible to some C
j
b . This establishes the
same diagram as above. From the commutativity of this diagram jb∗(Cjb) is a reduction of
An as required. 2
Proof of Theorem 3.4. If N(f¯ n) = 0 then N(f n) = 0, so NPn(f ) = 0. Thus we may
assume thatN(f¯ n) 6= 0. From the second half of the definition of essential torality we know
that NPn(f ) equals the number of irreducible classes in E(f n). The assumed properties
of f¯ including essential reducibility to the GCD imply (see [7, 4.19]) that f¯ has unique
roots for all essential periodic point classes. The requirements for the existence of a set
of n-root representatives is thus fulfilled. Accordingly, let ξ be a set of essential n-root
representatives of f¯ . For each b ∈ ξ we let An(b) be the class of f¯ n (i.e., at level n) that
contains b. Since f¯ n is weakly Jiang and N(f¯ n) 6= 0, then each An(b) is essential. From
[8, Section 3, p. 140] E(f n) is the disjoint union
E(f n)=
∐
b∈ξ
p−1E
(
An(b)
)
.
Using this representation we exhibit a bijection between
A= IECn(f )⊆ E(f n)
and the set
B =
∐
b∈ξ
IECn/per(b)
(
(f per(b))b
)
,
where IECm(g) consists of those elements of E(gm) that are irreducible. Note that in the
above union for B some of the sets may be empty. This happens when every essential class
of (f per(b))b at level n/per(b) is reducible or when N((f per(b))n/per(b)b )= 0. In either case
NPn/per(b)((f per(b))b)= 0, and so this fibre contributes nothing to the sum for NPn(f ).
Let Amb ∈ B with the subscript b denoting that Amb ∈ E((f per(b))mb ) for some b ∈ ξ with
m = n/per(b). We define φ :B→ A by φ(Amb ) = j∗b (Amb ) (for the definition of jb∗ see
the sequence before Lemma 3.7). Now Amb and pE (j∗b (Amb )) = An(b) are essential, so
by the product theorem for the index so is j∗b (A
m
b ). Since A
m
b ∈ B it is irreducible. From
Lemma 3.7 we see that φ(Amb ) is irreducible, so φ(A
m
b ) ∈A. We need to see that φ is a
bijection.
Suppose φ(Arb1) = φ(B
q
b2
). Then pE (φ(Arb1))= pE (φ(B
q
b2
)), so b = b1 = b2 and thus
both Arb1 and B
q
b2
lie in E((f per(b))n/per(b)b ). Therefore r = q = n/per(b). The naïve
addition conditions ensure that jb∗ injective [8, Theorem 4.4], and so Arb1 = B
q
b2
as
required.
To see that φ is surjective letAn ∈ E(f n) be irreducible, and let b be the element of ξ that
represents pE (An). By the exactness of the vertical sequence in the proof of Lemma 3.7
there is an Amb ∈ E((f per(b))mb ) with m = n/per(b) and jb∗(Amb ) = An = φ(Amb ). By
Lemma 3.7 Amb is irreducible and so lies in B as required.
160 P.R. Heath, E.C. Keppelmann / Topology and its Applications 106 (2000) 149–167
Note that the existence of a bijection φ for each choice of essential root representatives
ensures that the sum on the right hand side of Theorem 3.4 is independent of the choice
of ξ . 2
Proof of Theorem 1.2. That the fibration in Theorem 1.2 and the fibre preserving maps
thereof satisfies the properties of Theorem 3.4 follows directly from the work in [7].
When 0 6= N(f¯ n) = NΦn(f¯ ) = #(Φ(f¯ n)) then it follows trivially that ξ = Φ(f¯ n) is a
set of essential n root representatives for f¯ , and the results follow from Theorem 3.4 and
Corollary 3.6. 2
4. Basic applications and examples
In this final section we illustrate Theorems 3.4 and 3.6 with some basic and simple
examples. We will begin with a sampling of what can occur on the Klein bottle. The full
story will be given elsewhere.
Example 4.1 The Klein bottle (see Example 1.1). As discussed in Example 1.1 for fixed
integers r and q with r odd or q = 0, the map f on K2 induced by the correspondence
(s, t)→ (rs, qt) onR2 is a well defined self map ofK2. We denote this map by f = (r, q).
Recall from Example 1.1 that Φ(f¯ n)= {x0, . . . , x|rn−1|−1} and that (f n)xj is a map on S1
of degree (−1)jqn. In view of Lemma 2.5, f n is weakly Jiang except when q =±1. Since
the weakly Jiang case was fully explored in [7] our interest here is precisely this latter case
of q =±1.
Of course if r = 1 then all Nielsen numbers of all the iterates of f¯ , and hence all the
periodic numbers NPn and NΦn of f are zero.
Observe that if g is a map of degree−1 on S1, then NP1(g)= 2 and NPn(g)= 0 for all
n > 1. This fact allows us to deduce for the case r =−1 that ξ =Φ(f¯ )= {x0, x1} is a set of
essential n-root representatives for any n. On the other hand if g is a self map S1 of degree
+1, then NPn(g) = 0 for all n. Since per(x0) = per(x1) = 1, then from Theorem 3.4 we
have that NPn(f )= NPn(fx0)+NPn(fx1). So NP1(f )= 2, and for all n > 1, NPn(f )= 0.
Similarly from Corollary 3.6 we have NΦn(f ) = NΦn(fx0) + NΦn(fx1), and since all
the NΦn(g) are zero for maps g of degree 1, and are 2 for maps of degree −1, then
NΦn(f )= 2+ 0= 2 for all n.
The situation is far more interesting when f = (r, q) with |r|> 1 and q =±1. Since in
this case r must be odd, then Φ(f¯ n) always has an even number (|rn − 1|) of elements.
Since the general case is quite involved we discuss here only the cases n= 6, and n= 2k
with k > 1. In both cases since n is even we have qn = 1. As discussed in Example 1.1
and noted above we need only consider those points xj of Φ(f¯ n) having minimal period
n. Furthermore, since (f n)xj is of degree (−1)n+j = (−1)j , it is only the odd values of
j where (f n)xj contributes to NPn(f ). Each such j contributes two to NPn(f ), and so
NPn(f ) will be twice the number of odd irreducible indices.
As described in [9, 1.8], the boosting from level m to level n for algebraic classes of
maps of degree r on S1 is a function from Z mod |rm − 1| to Z mod |rn − 1|, and is
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induced from multiplication by rm,n = 1+rm+r2m+· · ·+rn−m. On the geometric classes
of f¯ n (which we identify with the points xj as in Example 1.1) this simply corresponds
to multiplication of the indices by this same number. Because r is odd we know that rm,n
consists of n/m odd terms. Thus rm,n ≡ n/m (mod 2). Multiplication of each element from
{0,1, . . . , |rm − 1| − 1} by an odd number will give numbers, half of which are odd, and
the other half even, whereas multiplying by an even number will give only even numbers.
Now when n = 2k (with k > 1) and m|n then n/m is always even. Therefore in this
case all the odd indices are irreducible, and as we remarked above, all the even indices
(irreducible or not) contribute nothing. Thus
NPn(f )=
∑
j odd
NP1
(
(f n)xj
)= ∑
xj∈Φ(f¯ n)
NP1
(
(f n)xj
)
=
∑
xj∈Φ(f¯ n)
N
(
(f n)xj
)=N(f n),
where the last step is from the naïve addition formula of Theorem 2.3. Now since
N((f n)xj ) is two when j is odd and zero elsewhere, the naïve addition formula also implies
that N(f n)=N(f¯ n)= rn − 1. As we saw in [7] for weakly Jiang maps when N(f n) 6= 0
we have that NΦn(f )=N(f n). In contrast to this for n= 2k we get the surprising result
here that NPn(f )=N(f n) and
NΦn(f )=
∑
m|n
NPm(f )=
k∑
i=0
N
(
f 2
i )= k∑
i=0
(
r2
i − 1).
For n= 6 we need to know which of the 12 (r6−1) odd indices ofΦ(f¯ 6) are irreducible.
Thus we need to exclude those indices coming up from Φ(f¯ 3),Φ(f¯ 2), and Φ(f¯ ). Since
6
3 and
6
1 are even the boosts from Φ(f¯
3) and Φ(f¯ ) give only even indices, as do the
1
2 (r
2 − 1) even indices from Φ(f¯ 2). Thus we need to exclude from our sum only the
1
2 (r
2−1) odd indices coming up injectively fromΦ(f¯ 2). So there are 12 (r6−1)− 12 (r2−1)
= 12 (r6− r2) irreducible indices which each contribute 2 to NP6(f ), and we therefore have
NP6(f )= r6 − r2. Similarly, it can be shown that NP3(f ),NP2(f ), and NP1(f )=N(f )
are |1− r3|− 12 |1− r|, |1− r2| and |1− r|, respectively. Therefore,NΦ6(f ) (which is the
sum of NP6(f ),NP3(f ),NP2(f ) and NP1(f )) equals r6 + |1− r3| + 12 |1− r| − 1.
Remark 4.2. The above example shows that Halpern was wrong in [5] when, for the case
q =±1 on the Klein bottle, he implicitly equated N(f n) with MΦn(f ). The problem is
that the number N(f n) does not count essential classes at lower levels (which therefore
contribute to NΦn(f )), but which become inessential when they are boosted to level n. As
the example shows, estimatingMΦn(f ) in this way will exclude at least |1− r3|+ 12 |1− r|
points for MΦ6(f ) and at least
∑k−1
i=0 (r2
i − 1) points for MΦ2k (f ).
For even n it will be shown elsewhere for the above map on the Klein bottle that
NPn(f )=
∑
τ⊆P (n)−{2}
(−1)|τ ||rn:τ − 1|,
162 P.R. Heath, E.C. Keppelmann / Topology and its Applications 106 (2000) 149–167
where P (n) is the set of prime divisors of n and n : τ = n∏p∈τ p−1. When n is odd (so
P (n) − {2} = P (n)) and q = 1 the same formula will also hold. The case of n odd and
q = −1 however is considerably more involved since in this instance we must count the
number of irreducible even indices for f¯ n. This becomes complicated by the fact that the
image indices of the boosts from some levels are all even, while from other levels only half
are even.
In fact the patterns indicated above on the Klein bottle are not an isolated phenomenon.
We give now an example which is itself a special case of more general ones (in both spaces
and maps) which we will also explore elsewhere.
Example 4.3. We construct a solvmanifold as follows (this is similar to what was done in
[7, Example 4.27]). Let R3 =R2×R= {(Ex, y)}. Define a parity homomorphismA :Z2→
Z2 ∼= {±1} by the rule A((a, b))= (−1)a+b. Consider the equivalence relation on R3 and
the resulting quotient space S determined by the relations (Ex, y)∼ (Ex + Ek,A(Ek)y) for Ek ∈
Z2, and (Ex, y) ∼ (Ex, y + l) for l ∈ Z. Now S is the total space of a Hurewicz fibration
S1 ↪→ S → T 2 induced from the obvious fibration R ↪→ R2 × R→ R2. It is clear that
this fibration satisfies the naïve addition conditions, and since tori are nilmanifolds any
fibre preserving self map that induces a linear map on T 2 will satisfy the hypotheses of
Theorem 3.4 (see Proposition 2.4). We construct next just such a fibre preserving map.
Consider the following matrices
Y =
[
0 1
−1 0
]
and Y 2 =
[−1 0
0 −1
]
.
Note that Y 4 = I , and that A(Y (Ek)) = A(Ek) for any Ek ∈ Z2 and that the correspondence
(Ex, y)→ (Y (Ex),−y) induces a well defined fibre preserving map f on S. Since f n(Ex, y)=
(Y n(Ex), (−1)ny), then f 4 is the identity on S, and so any z ∈ S is periodic with period
per(z)|4. It follows that NPk(f )= 0 for k > 4.
To calculate the remaining NPk we calculate first the Nielsen numbers of iterates of
the map f¯ on the base from the formula N(f¯ n) = |det(Y n − I)| (see Theorem 2.1). So
N(f¯ )=N(f¯ 3)= 2,N(f¯ 2)= 4 and N(f¯ 4)= 0. In particular from Theorem 3.4 we have
that NP4(f )= 0. From Proposition 2.4 and the fact that T 2 is a Jiang space andN(f¯ 3) 6= 0
it follows that both Nielsen classes of f¯ 3 reduce to level 1. Thus NP3(f¯ ) = 0 and so
NP3(f ), being the sum of NP3(±deg 1) terms from the fibres, is also zero.
Thus it remains only to calculate NP1(f ) and NP2(f ). For this we need more specific
information about how the degrees of fb and (f 2)b vary over points b ∈ Φ(f¯ ) or
Φ(f¯ 2). Let Eb ∈ R2 represent a point b = [Eb] ∈ Φ(f¯ ) or Φ(f¯ 2). For example, when
b ∈Φ(f¯ ) then Y (Eb)= Eb+ Ek for some Ek ∈ Z2. So f ((Eb, y))= (Y (Eb),−y)= (Eb+ Ek,−y)∼
(Eb,A(−Ek)(−y))= (Eb,−A(Ek)y) so that the degree of the restriction of f to the fibre over
b is −A(Ek). Similarly, for b ∈ Φ(f¯ 2) we get that f 2 sends (Eb, y) to (Eb,A(El)y) where
El ∈ Z2 is such that Y 2(Eb)= Eb+ El, and thus the degree of the restriction of f 2 over this b is
A(El). By consideration of the matrices Y and Y 2 we see that Φ(f¯ 2)= {b1 = [(0,0)], b2 =
[( 12 , 12 )], b3 = [(0, 12 )], b4 = [( 12 ,0)]}, with b1, and b2 in Φ(f¯ ), and b3 and b4 being of
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minimal period 2. Because no two of the vectors representing the bi differ by an element
of Z2, we know that this collection indeed represents four distinct elements ofΦ(f¯ 2). Note
also that since NΦ2(f¯ )=N(f¯ 2)= 4 and f¯ 2 is induced by a linear map, so that each point
of Φ(f¯ 2) belongs to its own Nielsen class, we have that ξ = Φ(f¯ 2) is a set of essential
2-root representatives for f¯ .
Now Y (Eb1) = Eb1, and Y (Eb2) = Eb2 + (0,−1), so NP1(f ) = N(f ) = N(deg+1) +
N(deg−1) = 0 + 2 = 2 by the above analysis and Theorem 2.3. As in Example 4.1,
NP2(deg±1)= 0 on S1, so in order to calculate NP2(f ), we only consider the irreducible
elements of Φ(f¯ 2) (i.e., b3 and b4). Now Y 2(Eb3) = Eb3 + (0,−1), and Y 2(Eb4) = Eb4 +
(−1,0), so there are 2 classes of odd parity each of which contribute 2 to NP2(f ), and
so NP2(f ) = 4. Since Y 2(Eb1) = Eb1 and Y 2(Eb2) = Eb2 + (−1,−1) both these classes have
even parity so that N(f 2)=∑4i=i N((f 2)Ebi )= 0+ 0+ 2+ 2 is also 4. In fact, since for
all k > 1 with n= 2k NPn(f ) and N(f n) are zero we have, as in Example 4.1, that
NP2k (f )=N(f 2
k
) for all such k.
Now NΦn(f ) =∑m|n NPm(f ) from Theorem 2.2 since S is essentially reducible. So
NΦn(f ) is either NP1(f ) + NP2(f ) (when n is even) or just NP1(f ) (when n is odd).
That is
NΦn(f )=
{2 if n is odd,
6 if n is even.
Remark 4.4. Example 4.3 is greatly simplified because the map is periodic. In fact we
needed only to consider iterates 1 and 2, for a total of four points in the base. We believe
(and are planning to demonstrate in a future publication) that for each m > 1 there is a
solvmanifold S of dimensionm and a self map f on S for which, for an infinite number of
n, we have that NPn(f )=N(f n) 6= 0. In order to do a complete analysis we must consider
and infinite number of periodic points in the base. We give a hint here of the method we will
use. For f¯ n an analysis of the Reidemeister sets for n= 1 and 2 reveals that the boosting
function
ι1,2 :R(f¯∗)∼= Z2→R(f¯ 2∗ )∼= Z2 ×Z2
is simply the diagonal map. Furthermore, since A is +1 on both (Y − I)(Z2) and
(Y 2− I)(Z2) it is possible to define parity on the Reidemeister classes. This is compatible
with the natural parity on Z2 and Z2 × Z2 (where we add the coordinates) and the
identifications made above. Since the image of ι1,2 involves both classes of even parity,
we see that it is exactly the two classes of odd parity at level 2 which are irreducible. In
fact, for the geometric classes of f¯ 2 we can define the parity of bi to be the parity of
(Y 2 − I)Ebi for i = 1,2,3,4 and we again see that it is the classes of odd parity b3, b4
which are irreducible. This correspondence between the parity of the geometric and the
algebraic classes is no coincidence and provides an excellent aide to computation. We plan
to formalize this connection in a more general setting.
Remark 4.5. Examples 4.1, 4.3 and [7, 4.27] are all examples of the constructive approach
to what we will call tori-semidirect product manifolds. It is our intention elsewhere to
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show that this type of solvmanifold is representative of the class of all solvmanifolds
in the sense that the calculations of NΦn(f ) and NPn(f ) on them gives enough of the
matrix theoretic considerations to enable one to calculate the Nielsen periodic numbers on
arbitrary solvmanifolds.
Examples 4.1 and 4.3 do not in fact give the full flavor of all that can occur in applications
of Theorems 3.4 and 3.6. In practice many questions and complications can arise. In these
examples there are only two different types of maps that can occur on the fibres, namely
those of degree ±1. In the general situation however there are potentially any number
(including∞) of different types. Also, in any particular example, having established which
fibre maps can occur, there is for each m|n the question of their distribution among the
various orbits of length m for the periodic points of f¯ . In addition unlike we have seen
here, in general the calculation of NPn(f ) will involve more than just the irreducible
classes of f¯ n. Perhaps we have said enough to convince the reader that the examples given
here are in fact rather simplistic. It is our intention, in addition to the discussion of tori-
semidirect product manifolds mentioned above, to give elsewhere a number of examples
that demonstrate something of the force and scope of Theorem 3.4.
In the presence of Nielsen number fibre uniformity many of the above considerations
are substantially simplified and we have the following corollary of Theorem 3.4. Without
loss to the homotopy type of f we can assume that f¯ is basepoint preserving with respect
to a distinguished base point 0 ∈Φ(f¯ ). We call the restriction f0 of f to p−1(0) the map
on the principal fibre.
Corollary 4.6. If the fibre map in Theorem 3.4 has Nielsen number fibre uniformity (i.e.,
for a fixed n and all m|n, N((f m)b) is independent of b ∈Φ(f¯ m)) and N(f¯ n) 6= 0, then
the formula in Theorem 3.4 can be written as
NPn(f )=
∑
m|n
NPm(f¯ )NPn/m(f m0 ).
Proof. By fibre uniformity,
NPn/per(b)
(
(f per(b))b
)= NPn/per(b) ((f per(b))0)
for each b ∈ ξ . Let m = per(b), so that by the definition of ξ there are NPm(f¯ ) of these
terms. 2
Example 4.7. Let S1→M→ T 2 be the example in [7, 5.4]. This was dubbed ‘baby nil’
because it is the smallest nilmanifold that is not a torus. Let f be the fibre preserving self
map of M defined in that example for which the restriction f0 of f on the principal fibre
has degree 6, and the linearization of f¯ is given by the matrix
F =
(
2 0
0 3
)
.
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In [7, 5.4] NP12(f ) was calculated by Möbius inversion from the N(f m). Here we use
formula (4.6) to recalculate NP12(f ). For each m|12, let sm = NPm(f¯ )NPn/m(f m0 ). Then
using Theorems 2.2 and 2.6 we can calculate each sm. For example, we have that
s1 =N(f¯ )
{
N(f 120 )−N(f 60 )−N(f 40 )+N(f 20 )
}= 4,353,468,840.
Similarly, for the other numbers we have that
s2 = 47,888,157,240,
s3 = 391,812,422,400,
s4 = 2,559,894,503,040,
s6 = 99,389,751,148,800
and finally
s12 = 4,737,113,194,999,239,600
giving that
NP12(f )=
∑
m|12
sm = 4,737,215,588,698,939,920,
confirming the result in [7, 5.4].
There is clearly a corollary of Theorem 3.4 which corresponds to Corollary 4.6 for the
NΦn(f ). In fact, part of this corollary will take the familiar form of a product theorem.
However, first we need the following generalization of [10, 4.13]. The proof follows by
observing that under the given conditions both sides of the equation are equal to N(f n)
(see Theorem 2.6).
Lemma 4.8. If f is essentially toral, essentially reducible to the GCD, and f n is weakly
Jiang with N(f n) 6= 0, then for m|n NΦm(f n/m)=NΦn(f ).
Since NP1(f n) = N(f n) always, but NPn(f ) is not always N(f n), we see that the
corresponding lemma for the NP is in general false.
Corollary 4.9. Assume the conditions of Theorem 3.4 along with the additional assump-
tions that f has Nielsen number fibre uniformity as in Corollary 4.6 and that f0 is essen-
tially toral, essentially reducible to the GCD and weakly Jiang. If N(f n) 6= 0 then
NΦn(f )=
∑
m|n
NPm(f¯ )NΦn/m(f m0 )=NΦn(f¯ )NΦn(f0).
Proof. The first equality follows from Corollary 3.6 in the same way that Corollary 4.6 fol-
lowed from Theorem 3.4. Fibre uniformity together with the naïve addition conditions im-
ply that the product formula N(f n)=N(f¯ n)N((f n)0) holds. Since N(f n) 6= 0 we know
that N((f n)0) 6= 0 as well. The middle term can be written as [∑m|nNPm(f¯ )]NΦn(f0)
by Lemma 4.8 so the last equality follows from Theorem 2.2. 2
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In fact the result in Corollary 4.9 that NΦn(f ) = NΦn(f0)NΦn(f¯ ) is not new, since
under the given conditions it is equivalent to the Nielsen number product formulaN(f n)=
N(f¯ n)N(f n0 ). This latter formula holds without the assumption that N(f n) 6= 0, and this
raises the question of the product formula NΦn(f ) = NΦn(f0)NΦn(f¯ ) holding when
N(f n) = 0. The answer is a resounding no as the following example shows. This also
illustrates why the hypothesis that N(f n) 6= 0 is needed in Corollary 4.9 (and hence also
Corollary 3.6).
Example 4.10. Consider the trivial fibration T 2 ↪→ T 4 = T 2 × T 2 p→ T 2 where p is
projection on the second factor. Let f = f0× f¯ :T 4→ T 4 which is induced by the matrix
A=

1 2 0 0
−1 −1 0 0
0 0 0 1
0 0 −1 1
 .
Thus the map f0 on the principal fiber is induced by the 2 × 2 matrix B in the upper
left, and the induced map f¯ on the base from the 2 × 2 matrix C in the lower right.
Since N(f¯ n) = |Cn − I | and N(f n) = |An − I | = |Bn − I ||Cn − I |, we see that both
N(f¯ 6) andN(f 6) are zero. From Theorem 2.6,NΦ6(f )=N(f 3)+N(f 2)−N(f )= 18
and NΦ6(f¯ ) = N(f¯ 3) + N(f¯ 2) − N(f¯ ) = 6, while NΦ6(f0) = N(f 60 ) = 4. Therefore
NΦ6(f0)NΦ6(f¯ )= 24 6= 18=NΦn(f ).
When N(f¯ n) or N(f n0 ) are zero, writing the expression NΦn(f¯ )NΦn(f0) in terms
of ordinary Nielsen numbers will result in cross product terms of the form N(f¯ j )N(f k0 )
where j and k are distinct divisors of n. This makes one wonder if the product formula
could ever be valid and nonzero in this instance. This example also allows us to point
out that in general the analogue of the product formula in Corollary 4.9 is invalid for
the NPn(f ) (i.e., NPn(f ) 6= NPn(f0)NPn(f¯ )). For example, in Example 4.10, NP3(f )=
N(f 3)−N(f )= 6 while NP3(f0) · NP3(f¯ )= 0 · 3= 0.
Furthermore Example 4.10 allows us to see why the stipulation that N(f¯ n)= 0 implies
NPn(f ) = 0 must be added in Theorem 3.4 (and hence in Corollary 4.6 which depends
on it). Without this, the formula there would give (by the same reasoning as the present
Corollary 4.6) that NP6(f ) is equal to
NP6(f¯ )NP1(f 60 )+NP3(f¯ )NP2(f 30 )+NP2(f¯ )NP3(f 20 )+NP1(f¯ )NP6(f0).
To see that this is incorrect observe that a periodic map g of period s on a torus
has NPn(g) = 0 when n > s. Now f¯ has period six, f0 period four, and f 20 period
two. So NP6(f¯ ) = NP3((f0)2) = NP6(f0) = 0. Therefore the above sum reduces to
NP3(f¯ )NP2(f 20 ) = 3 · 2 = 6. On the other hand since N(f 6) = 0, we see that f has
no essential classes at level 6, let alone any irreducible essential ones, and so in reality
NP6(f )= 0.
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